This paper is devoted to analysis of undamped oscillations generated by fractional order linear time invariant (LTI) systems. At first, the trajectories of marginally stable commensurate order systems are investigated. It is verified that we can not use the time-independent phase flow concept for this kind of systems. Also, the differences with the integer order case are highlighted. Then, it is shown that we can determine the Q-norm of the limit sets of a trajectory for these systems based on the Q-norm of the initial condition. Some numerical examples are brought to confirm the achievements of the paper.
INTRODUCTION
Over the past few decades, fractional order dynamics have been extensively applied in modeling of physical and realworld phenomena [1] [2] [3] [4] [5] . Also, using fractional order controllers in practice has gained increasing attention in the recent years [6] [7] [8] [9] . According to different applications of fractional order models, it seems study on dynamical behaviors of such models is of great importance. Investigating the oscillatory behaviors in fractional order models is the subject of some recently published works. For example, oscillations generated by a 2-inner dimensional fractional order system have been investigated in [10] . Also, the relation between the inner dimension of a fractional order LTI system and the maximum number of frequencies which exist in oscillations generated by the system has been studied in [11] . Moreover, oscillations generated by nonlinear fractional order models have been investigated in some papers (for some samples, see [12] [13] [14] [15] [16] ).
The aim of this work is generalizing the study done in [10] for n-inner dimensional systems. The paper is organized as follows. In the next section, some notations and basic concepts are presented. In Section 3, trajectories of marginally stable fractional order systems are compared with those of marginally stable integer order systems. The main results of the paper on the analysis of oscillations in fractional order systems are brought in Section 4. Some numerical examples are given in Section 5. Finally, the paper is concluded in Section 6. 
NOTATIONS AND BASIC CONCEPTS
where , i.e. P is a positive definite matrix. Note that where P is a positive semi-definite matrix, i.e. ,
defines a seminorm on the vector space . In the fractional calculus, there are several definitions for non-integer derivative [17, 18] . In this paper; we focus on the Caputo definition. This definition is given by
where is the Gamma function and [17] . A fractional order linear time invariant (LTI) system with inner dimension n can be defined by
where , , (3) is called a commensurate order system, otherwise in this paper we call it an incommensurate order system. The Mittag-Leffler function is one the special functions playing an important role in the fractional calculus [17] . The one parameter Mittag-Leffler function is defined by
The following theorem describes the asymptotic behavior of the one parameter Mittag-Leffler function. 
By using Mittag-Leffler function, Theorem 2 presents the zero-input response of a commensurate order system. (6) is determined by
is the normalized eigenvector matrix for the matrix , 
where [ ]
From (9), 1,..., , .
It has been proved that ( , )
is the fundamental solution of (10) [19] . Hence,
t .
From (11) and x Vx = , it follows that ( ) ( )
The stability of system (6) is investigated in Theorem 3. Theorem 3 [19] : The commensurate order system defined by (6) A stable commensurate order system defined by (6) 
TRAJECTORIES OF MARGINALLY STABLE SYSTEMS

A. Integer order systems
It is well known that a stable integer order LTI system is marginally stable if and only if the system at least has one eigenvalue with zero real part. Consider the integer order system with n states given as follows , .
n n x Ax A × = ∈ (15) Solutions of system (15) are in the form ( )
,
where (0) x is the initial condition of the system. The operator At e can be considered as a mapping from to [21] . This operator defines a flow on , and this flow can be considered as the set of all solutions of n n n (15) . We know that the subspaces spanned by eigenvectors of are invariant subspaces for the flow and these subspaces are divided into three classes, stable subspace The following example provides a phase flow for a twodimensional marginal stable system.
According to (3), , and . 
B. Fractional order systems
Consider the fractional order system defined by (13) . Assume that 0 ( , ) x x t is a solution of system (13) (18) such that each initial point is located on the other trajectory. Such a complex behavior does not exist in LTI integer order systems. The motivation of this paper is analysis of such behaviors in order to apprize the properties of marginally stable fractional order systems. 
ANALYSIS OF TRAJECTORIES OF MARGINALLY STABLE COMMENSURATE ORDER SYSTEMS
In this section, our goal is to find the relationship between the initial condition and asymptotic behavior of marginally stable commensurate order systems. In what follows, we provide a theorem for marginally stable commensurate order systems. Assume that the commensurate order system defined by (6) is marginally stable. According to Theorem 2, the solution of (6) is determined as follows.
The operator can be considered as a mapping from to . But this operator can not define a flow on , because have equal geometric and algebraic multiplicities, these latter either oscillate or remain constant. Fig. 3 schematically shows two trajectories of solutions for marginally stable commensurate order systems. Now, we state the main theorem of this paper. , and
Otherwise. 
Based on Theorem 1, and the fact that the system is marginally stable system, we obtain that ( ) 
Remark 2:
If and A has two eigenvalues on the stability boundary, the result of Theorem 5 reduces to the result given in [10] . This result is Fig. 4 shows trajectories of a marginally stable commensurate order system with inner dimension 2 for different initial conditions. 
where max σ is a greatest singular value of Q.
MORE NUMERICAL EXAMPLES
In this section, we present more numerical examples to confirm our analysis about oscillations in the fractional order systems. Fig. 6 ). This means that the chosen initial conditions have the same Qnorms. The trajectory which starts form the initial point is plotted by a dotted curve in Fig. 6 . The ultimate Q-norm of this trajectory is larger than the initial Q-norm. The solid curve in Fig. 6 shows the trajectory which starts form the initial point . The ultimate Q-norm of this trajectory is smaller than the initial Qnorm. Also, the trajectory which starts form the initial point is denoted by a dashed curve in Fig. 6 . The ultimate Q-norm of this trajectory is equal to the initial Qnorm. 
6.
CONCLUSIONS In this paper, undamaped oscillations generated by commensurate order systems have been investigated. It has been shown that we can not use the time-independent phase flow concept for this kind of systems. Also, the differences with the integer order case have been highlighted. Moreover, it has been shown that we can analytically determine the Q-norm of the limit sets for the trajectories of these systems based on the Q-norm of the initial condition. Extending the obtained results to the case of incommensurate order systems is now under study in our group.
